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1. Introduction 



In this paper, we examine how essential the locality of interaction and the microcausal- 
ity axiom are for deriving the two fundamental observed consequences of the general 
theory of quantum fields: the spin-statistics relation and the PCT symmetry. We show 
that both of them hold if local commutativity is replaced with a condition which is 
closer related to macrocausality and could be called asymptotic commutativity. Intu- 
itively, it implies that the commutators of observable fields decrease for large spacelike 
separations of the arguments no slower than exponentially with order one and with 
maximum type. The precise definition of this condition given below is a refinement 
of that proposed in £Q , where it was compared with generalizations of local commuta- 
tivity suggested by other authors. Abandoning microcausality, we naturally eliminate 
the bounds on the high-energy (ultraviolet) behavior of the off-mass-shell amplitudes 
that follow from this axiom (see Sec. 9.1.D in [2] and Sec. VII. 4 in [3]). In our setting, 
this behavior is arbitrary, and so the space-time dependence of fields can be arbitrarily 
singular. The usual derivation [2] |I] of the spin-statistics relation and the PCT sym- 
metry, which is based on the analyticity properties of vacuum expectation values in 
coordinate space, fails in this case, and an alternative construction of some envelopes 
of holomorphy in momentum space was suggested instead in [H] [I]- In 0, M it was 
observed that the problem can be solved using the notion of the analytic wave front 
set of distributions. 

Here, we present all details of the new derivation of the spin-statistics and PCT the- 
orems based on this approach. Aiming for maximal generality, we choose the Gelfand- 
Shilov spaces S® as the functional domain of definition of fields. These spaces provide 
an enlarged framework as compared to the space S° used in which is just the 

Fourier transform of Schwartz's space T> of infinitely differentiable functions of compact 
support. In other words, the fields under study are treated as ultradistributions rather 
than distributions in the momentum-space variables. Some recent results [TOl^E] m 
the theory of analytic functionals are essential for our derivation, in particular, that 
every functional of the class S'^ has a unique minimal carrier cone. 1 Structure theo- 
rems concerning the properties of such a quasi-support allow handling highly singular 
generalized functions as easily as the standard Schwartz distributions. 

The quantum theory of highly singular interactions is perhaps the most advanced 
branch of nonlocal field theory (see ^1] |I7] for a review). A consistent theory of 
asymptotic states and particles was constructed within this framework, including the 
derivation of high-energy bounds on the scattering amplitudes [2], |18j . Using highly 
singular nonlocal form-factors proved efficient for the phenomenological description of 
strong interactions [16j. A possible interplay between this branch of field theory and 
string theory is of particular interest (see [T], |E|). 

The work is organized as follows. Section 2 contains the above-mentioned structure 
theorems. In Sec. 3, a relationship between the analytic wave front set of ultradistribu- 
tions and the carrier cones of their Fourier transforms is established. This relationship 
shows the incompatibility of certain support properties in the coordinate and momen- 
tum spaces and is a key point in our approach. In Sec. 4, the condition of asymptotic 
commutativity is formulated as a restriction on the matrix elements of the field commu- 
tators and is then rewritten in terms of the vacuum expectation values. In Sec. 5, the 

^rom here on, the continuous dual space of a topological vector space is denoted by the same 
symbol with a prime. 
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features of the invariant ultraviolet regularization of the Lorentz-covariant functionals 
of class S'u are investigated. In Sec. 6, this regularization is used to demonstrate the 
role of the Jost points in nonlocal field theory. In Sec. 7, analogues of all main steps 
of the classical proof °f the spin-statistics theorem are derived for a field theory 
subject to the asymptotic commutativity condition, starting from the Dell'Antonio 
lemma and finishing with the Araki theorem, which establishes the existence of the 
Klein transformation that reduces fields to the normal commutation relations. In 
Sec. 8, a condition of weak asymptotic commutativity is defined and its equivalence to 
the PCT invariance is proved. We give some concluding remarks in Sec. 9. 



2. Carrier cones of analytic functionals: Basic theorems 

In the standard axiomatic approach [I], quantum fields are assumed to be tempered 
operator-valued distributions defined on the test functions belonging to the Schwartz 
space S because the singularities occurring in the perturbation theory are always of 
finite order. However, when we seek exact solutions or consider general consequences 
of QFT, this assumption proves too restrictive (see 20J). To generalize the setting, 
we use the Gelfand-Shilov spaces S@ [2T]. We recall that Sf (R n ) is the union (more 
precisely, the inductive limit) of the family of spaces S^ b a (a, b > 0) consisting of those 
infinitely differentiable functions on M. n for which the norm 

\x fix) I 

is finite. Clearly, the index a characterizes the growth rate of the functionals belonging 
to the dual space S'J* , and j3 characterizes their singularity: in the QFT context, these 
indices control the respective infrared and ultraviolet behavior of fields. In accordance 
with the introduction, we set (3 = in what follows. The space is nontrivial 
only if a > 1, which is assumed throughout this paper. The Fourier transformed space 
J-'iS^) = S§ consists of functions with compact support. Therefore, the local properties 
of the generalized functions belonging to S' a , which are called ultradistributions of the 
Roumieu class {k ak }, are the same as those of the Schwartz tempered distributions, and 
their supports are defined in the standard way through a partition of unity. In contrast, 
the space S® itself consists of entire analytic functions, i.e., in the ^-representation, the 
elements of its dual space are analytic functionals for which the notion of a support is 
useless. Nevertheless, the functionals of this class retain a kind of angular localizability, 
which can be described as in [TU| . To each open cone U C IR n , we assign a space 
Sa(U), which is defined similarly to with the only difference that in the analogue 
of formula (JTJ), the supremum must be taken over x £ U. Every function / £ 5^(17) 
allows an analytic continuation to the whole space C n and satisfies the estimate 

\f{x + iy)\< Cexp{-\x/a'\ 1/a + b'd(x, U) + b'\y\}, (2) 

where d(-, U) is the distance from the point to the cone U and where a' and b' differ 
from a and 6 by a number factor that depends on the choice of the norm 2 in W 1 . This 
difference is unessential for the union taken over all the indices a and b, and estimate (j2*jl 
can therefore be used as a starting point for the definition of S®(U) as well. The spaces 

2 As a rule this norm is assumed to be Euclidean in what follows. 
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over cones possess the same properties convenient from the standpoint of functional 
analysis as those of the original S®. Namely, these spaces are complete, barrelled, 
reflexive and Montel (see [Uj). The space S® is evidently a linear subspace of every 
S®(U), and S^(U) is identified with a linear subspace of S'J* by the following theorem. 

Theorem 1 (density theorem). The space S® is sequentially dense in S®(U) for 
each open cone U C M n . 

We call a closed cone K C W 1 a carrier cone of an analytic functional v G S'^ 
or say that this functional is carried by K if v admits a continuous extension to 
every space S®(U), where U D K \ {0}. This continuity property is equivalent to the 
belonging v G S'J'(K), where S®(K) is by definition the union of the spaces S®(U) and 
is equipped with the inductive limit topology. The space ^({O}) that corresponds to 
the degenerate cone {0} consisting of the origin needs special consideration. This is 
the space of all entire functions satisfying the inequality \f(z)\ < C exp(b\z\), where 
z = x + iy and the constants C and h depend on /. From the above estimate of the 
test function behavior, the property of v to be carried by a cone K may be thought of 
as a faster than exponential decrease of this functional in the complement of K. 

Theorem 2 (quasi-localizability theorem). If a functional v G S'J* is carried by 
each of the closed cones K\ and K 2 , then it is carried by their intersection. 

The standard compactness arguments then imply that there is a smallest closed 
cone K such that v G S„(K). This cone is called the quasi-support of v. 

Theorem 3 (decomposition theorem). Every functional v belonging to S'® and 
carried by the union of two closed cones K lt K 2 allows a decomposition of the form 
v — V\ + v 2 , where Vj G S'^(Kj), j = 1, 2. 

When dealing with classes of analytic functionals possessing the properties from 
Theorems 1-3, it is natural to call them quasi- distributions. 

If a cone K is properly convex, i.e., its dual cone K* = {rj : f]x > 0, Vx G K} 
has a nonempty interior, then e l< * x G S^(K) for all Im£ in this interior and the Laplace 
transform 

v(C) = (2tt)-"/>, e^) 
is well defined for each v G S'^(K). 

Theorem 4 (Paley- Wiener-Schwartz-type theorem). Let a functional v G S'^ 
be carried by a closed properly convex cone K . Its Laplace transform v is analytic in 
the tubular domain M. n + iV, where V is the interior of K* , and satisfies the estimate 

|v(C)| < C E AV) exp{e | ImCr 1 ^} (ImC G V, \(\ < R) (3) 

for all e, R > and for each cone V such that V' \ {0} C V. //Im £ — ► inside a fixed 
V , then v(C) tends to the Fourier transform v of the functional v in the topology of 
S' a . Furthermore, if the cone K is properly convex, then the Laplace transformation 
v — > v is a linear topological isomorphism of S'®(K) onto the space of functions that 
are analytic in W 1 + iV and satisfy estimate (jHJ) • 
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Theorem 1 was proved in ^2] , Theorems 2 and 3 were derived in [HI] > and Theorem 4 
was established in [T2*] using the Hormander L 2 -estimates both for solutions of 
the system of nonhomogeneous Cauchy-Riemann equations and for solutions of the 
dual equation of this system. Analogous theorems hold for the functional classes S'£ , 
< P < 1, and the proof is even simpler in this case (see pQ, [T7|). but the spaces S® 
are of particular importance because they are universal in the sense that no restrictions 
are imposed on the ultraviolet behavior of fields when we use these spaces. It is worth 
noting that we can use the terms carrier cone and quai-support without specifying 
the index a (which is quite natural because this index characterizes the behavior at 
infinity, not the local properties). In fact, the condition v G S'®{K) straightforwardly 
implies that v G S'J}(K) for all a' < a. On the other hand, the following theorem was 
proved in [T5] . 

Theorem 5. If v G S' a ° n S'J(K) , where a' < a, then v G S' a °(K). 

An analogous statement for S'J* with (3 ^ follows immediately from Theorem 3 
in P, while for f3 = 0, we must again use the Hormander estimates. Another simple 
fact, which is a special case of Theorem 2 in pQ, is also useful in what follows. 

Lemma 1 (convolution lemma). For every v G S'J*(K) and for each test function 
f G S°, the convolution (v*f)(x) = (v,f(x — -) belongs to the space S^(C), where C is 
any open cone such that C\{0} C EtC. Moreover, the mapping S® — ► £°(C) : / — > v*f 
is continuous. 

This is almost evident because shifting a test function into the interior of the 
complementary cone means removing it from the carrier cone K. 

3. Analytic wave front set and quasi-support 

It is well known (see, e.g., Sec. I.2.b in [22J) that the ultradistributions are embedded 
in the space of hyperfunctions with preservation of their supports. Therefore, we can 
use the general facts [221 fr° m hyperfunction theory to analyze the analytic wave front 
set WFa(u) of an ultradistribution u G S' a (W n ). We recall that WFa(u) is a closed 
subset of the product W 1 x (IR n \ {0}), which is conic relative to the second variable. 
Its projection on the first space in the product is the smallest closed subset of W n 
outside of which u is analytic. This subset is denoted by singsupp^w and the cone in 
W 1 \ {0} associated with a point p G sing supp A w is formed by those directions of a 
"bad" behavior of the Fourier transform of u at infinity that are responsible for the 
nonanalyticity at this point. 

Lemma 2. If u G S' a (R n ) and if a closed cone K C M n is a carrier of the Fourier 
transform u, then 3 

WF A (u) CW 1 x (K\{0}). (4) 
3 The operator u — > u is the transpose of the test function transformation 

f(x)^(2K)- n ' 2 J e- ipx f(x)dx, 

where the minus sign in the exponent is opposite to the sign for the (inverse) operator v — > v in 
Theorem 4. 
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Proof. We cover K with a finite number of closed properly convex cones Kj and 
decompose 

6 = 5>* UjeSfiKj), (5) 

using Theorem 3. By Theorem 4, decomposition (JHJ) induces a representation of u 
in the form of a sum of boundary values of functions Uj(£) analytic in the tubular 
domains M n + iVj, where Vj is the interior of the cone K* that is the dual of Kj. These 
boundary values coincide with the boundary values in the sense of hyp erf unctions (see, 
e.g., Theorem 11.5 in By Theorem 9.3.4 in [22], we have the inclusion 

WF A {u) C R n x (UK** \ {0}), (6) 

where K** = Kj because the cones Kj are closed and convex. By making a refinement 
of the covering and shrinking it to K, we obtain inclusion (0J). 

Remark 1. Lemma 2 improves Lemma 8.4.17 in which states that for each tem- 
pered distribution u G 5", the inclusion WFa(u) C W 1 x (L \ {0}) holds, where L is 
the limit cone of the set supp u at infinity. 

The cone L is certainly a carrier of the restriction u\S^. In fact, this cone by 
definition consists of the limits of various sequences t u x u , where x v G supp-u and 
< t v — ► 0. If L = {0}, then the support of u is a bounded set and (u, f u ) — > for 
any sequence /„ that converges to zero in 5*°({0}) because this convergence implies 
the uniform convergence of all derivatives of f v on compact sets. If L ^ {0}, then 
the set supp-u \ U is compact for every open cone U D L \ {0}. The convergence of 
a sequence /„ to zero in S^JJJ) implies the convergence to zero in each of the norms 

sup \x k d g f(x)\, where B is any bounded neighborhood of supp-u \ U, and we again 

xeuuB 

conclude that (u, f v ) — > 0. 

Theorem 6. Let u G S' a (M. n ) be a nontrivial ultradistribution whose support is con- 
tained in a properly convex cone V . Then only the whole W 1 is a carrier cone of its 
Fourier transform u. 

Proof. At first we assume that G supp-u. Then every vector belonging to the 
cone — V* \ {0} is an external normal to the support at the point 0. By the Kashiwara 
theorem (see Theorem 9.6.6 and Corollary 9.6.8 in [23]), all nonzero elements of the 
linear span of the set of external normals belong to WFa(u) p= q. The interior of V* is 
not empty because the cone V is properly convex, and therefore this linear span covers 
R" . By Lemma 2, each carrier cone of u must then coincide with W 1 . 

We now suppose that G" supp u and that there exists an open cone U such that 
U ^ W 1 and u G S^(U). We then consider the series of "contracted" ultadistributions 

oo 
v=l 

where 

(uv,g(p)) = v~ n (u,g(p/v)). 
Let II " W'uab be the norm of the Banach space that is dual of S% b a (U). If 

0<c,< {P 2 \\u4u,^r\ ( 8 ) 
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then the series ^2,c v u v is convergent in every space S'a £(U), and series (JJJ) certainly 
converges in S' a . We let u denote its sum. The coefficients c v can be chosen so that 
the support of u contains the point 0. In fact, let p be the point of suppw nearest to 
0. We can assume without loss of generality that |po| = 1- For each \i = 1, 2, . . ., there 
exists a function G Sq with support in the ball \p — po/fJ>\ < (1/2) — l/(/i + 1)) 
such that (u^gfj,) = 1. Note that supp-u^ fl suppg M = for v < //. We sequentially 
specify the coefficients c v by imposing the conditions 

Cy\{u v ,g^)\ < a^/2 v for (1 < v, 

in addition to (8). Then 

(u, ^) = a M + ^(tt,,, fiv) 7^ 

for each \i. Therefore G supptt, and we have the situation examined above, which 
completes the proof. 

Theorem 6 can be reformulated as a uniqueness theorem, which is used below. 
Namely, if we known that an ultradistribution u G S' Q a (M. n ) has support in a properly 
convex cone and u is carried by a cone different from M. n , then u = 0. 

4. Asymptotic commutativity 

We now consider a finite family of fields i = 1, . . . , I, that are operator-valued 

generalized functions defined on the space S^M 4 ), a > 1, and transform according 
to irreducible representations of the proper Lorentz group L + or its covering group 
SL(2, C). We adopt all the standard assumptions of the Wightman axiomatic approach 
except local commutativity, which cannot be formulated in terms of the test 
functions belonging to 5° because they are entire analytic in coordinate space. As 
usual, we let Dq denote the minimal common invariant domain, which is assumed to 
be dense, of the field operators in the Hilbert space TC of states, i.e., the vector subspace 
that is spanned by the vacuum state \I/o and by various vectors of the form 

(A) • • -0^„(/n)*o, n = 1,2,..., 
where fk G S^M 4 ) and are the Lorentzian indices. 

Definition 1. The field components <pu and </v^ commute (anticommute) asymptot- 
ically for large spacelike separation of their arguments if the analytic functional 

($, [<f> u (x),<f> L , e {x')} _ tf> (9) 
(+) 

is carried by the closed cone V = {(x, x') G M 8 : (x — x') 2 > 0} for any $, \l/ G Dq. 

The matrix element © can be treated as a generalized function on S^M 8 ) because 
(see [12 J) this space coincides with the r,-completcd tensor product ^"(IR 1 ) ®, S^R 4 ) 
whose dual space, by definition of the inductive topology r,, is canonically isomorphic 
to the space of bilinear separately continuous forms on S^M 4 ) x S^M 4 ). Such a 
coincidence also obtains in the case of the tensor product of several spaces; therefore the 
n-point vacuum expectation values of fields uniquely determine Wightman generalized 
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functions W^^,...,^^ G S^IR 4 ™). We identify these objects in what follows, just as in 
the standard scheme [2] |3]- Next we routinely define the expressions 

J (j) ilh {x 1 )...(j) Ln z n {x n )f{x ll ...,x n )<lx 1 ..Ax n $ (n = 1,2,...), (10) 

where / G S^IR 4 ™). Namely, vector (|1U|) is the limit of the sequence 

JV 

where 

and — > f in S^IR 4 ™). The set of vectors of form (jTUj) spans a subspace D x D D 
to which every operator <p b {f) can be extended by continuity. The field operators 
comprise an irreducible system, which can be established in a manner analogous to 
that used in the standard Wightman framework [2|. Let M(f) = 4>u\h{fi) ■ ■ ■ (pL n e n (fn) 
be a monomial in the field components and the operator T implement the space-time 
translations. If a bounded operator B acting in 7i commutes weakly with all the field 
operators, then 

(M(/)*¥ , B^ ) = (%, M(/)* ). 

Replacing M(f) here with the monomial T{r)M{f)T~ 1 {r) = M(f(- — r)) and taking 
the translation invariance of the vacuum into account, we obtain 

(M(/)**„, T-\r)B^ ) = (B*^ , T(r)M(f)V ). (11) 

This function of r is smooth and bounded by the constant || B*^> 1| • ||Af(/)\I/o||- Hence, 
its Fourier transform is a tempered distribution. By the spectral condition, the Fourier 
transform of the left-hand side of (fTTj) is supported in the closed forward light cone 
V+, while that of the right-hand side is supported in V_. Therefore, the support is the 
one-point set {0}, and function (JTTj) is a bounded polynomial, i.e., a constant. The 
fact that the left-hand side of (jllj) is independent of r implies the invariance of the 
vector Bty with respect to the space-time translations if we take into account that the 
monomial M(f) is arbitrary and -Do is dense in Ti. Because the vacuum is assumed to 
be the only invariant state, it follows that B^!q = X^q. Writing 

(M(/)*$, B* ) = ($, M(/)* ) = A($, Af(/)¥ >, 

where $ G -Do, and again using the denseness of .Do in Tl, we obtain B = XI, as was 
to be proved. 

We replace the local commutativity axiom with the asymptotic commutativity con- 
dition, which means that any two field components either commute or anticommute 
asymptotically. This condition is evidently weaker than local commutativity in the 
sense that it is certainly fulfilled for the restrictions of local fields to S^M 4 ). The 
standard considerations of Lorentz covariance imply that the type of commutation re- 
lations depends only on the type of the participating fields, not on their Lorentzian 
indices. Because of this we drop these indices in what follows. 
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We now consider the generalized function determined by the vacuum expectation 
value 

(#0, 0«Ol) • • • <f>i k -i(Xk-l)[K( X k),& k+1 (Xk+l)]-A k+2 (Xk+2) • ••^« n (in)*o) ) (12) 

(+) 

where the sign — or + corresponds to the type of commutation relation between the 
fields (p Lk and <p Lk+1 . 

Lemma 3. The asymptotic commutativity condition implies that the functional defined 
by (O on S°(R 4n ) extends continuously to the space (R 4 ^" 1 ) x U X R 4 ^" 1 )), 
where U is any open cone in R 8 such that V \ {0} C U. Hence, this functional is 
carried by the closed cone V n: k = ffi 4 ^ -1 - 1 x V x R 4 ^ - * 1-1 ). 

Proof. First, we examine the simplest nontrivial case where n = 3 and k = 1. We 
then have a bilinear separately continuous form on ,S°(R 8 ) x S^R 4 ). The asymptotic 
commutativity condition implies that it remains separately continuous after giving 
S^R 8 ) the topology induced by that of S®(U). It is not immediately clear that the 
extension by continuity to the latter space in the first argument, which is possible when 
the second argument is held fixed, yields a bilinear separately continuous form again. 
However, the space S^R 4 ), being the inductive limit of Frechet spaces, is barrelled, 
and we can therefore use standard facts on the extension of bilinear mappings. By 
Theorem III. 5. 2 in [25], the form under consideration is Q3-hypocontinuous, where 03 
is the family of all bounded subsets of the space S^R 8 ) under the topology induced 
by that of S®(U). By Theorem 1, the space S^R 8 ) is sequentially dense in S^(U), and 
hence the family of closures of the specified bounded subsets in S%(U) covers S®(U). 
We now can apply Theorem III. 5. 4 in (25], which shows that the extension in question 
is indeed bilinear and separately continuous. It can therefore be identified with a 
continuous linear functional on S®(U x R 4 ) = S^(U) (g>^ S^R 4 ), as was to be proved. 

For n = 4 and k = 1, we consider expression (|12|) as a bilinear form on S^(R 12 ) x 
S^R 4 ). The previous considerations show that it is separately continuous under the 
topology induced on S^R 12 ) by that of S®(U x R 4 ). Repeating this reasoning and this 
time exploiting the denseness of 5*°(R 12 ) in S®(U x R 4 ), we obtain a unique continuous 
extension to the space S^(U x R 8 ). In the general case, Lemma 3 can be proved by 
induction on n. 

Corollary. If the asymptotic commutativity condition is satisfied for the domain D , 
then it holds for the larger domain D\ composed of various finite linear combinations 
of the vacuum and vectors of form (|l(Jj) . 

As an application of Theorem 6, we note that under the asymptotic commutativity 
condition, the closure of the subspace L C 7i consisting of vectors of form JTUJ), with 
the fixed indices . . . , t n £ n coincides with the closure of any subspace spanned by 
vectors of the same type but with a different order of the field operators. We let 
*ff(f) denote vector (JTUJ), n denote a permutation of the indices 1, . . . ,n, and *f? n (f) 
denote the vector that corresponds to the new arrangement of the operators. The 
orthogonality of a vector $ to the subspace L means that the functional ($, ^(/)) is 
identically zero. But then the functional ($, \l/ 7r (/)) is carried by a cone different from 
R 4n . Hence, it is also equal to zero because, according to the spectral condition, its 
Fourier transform is supported in a properly convex cone. 



9 



5. Lorentz— invariant regular izat ion 



Let u be a Lorentz- covariant ultradistribution defined on a test function space Sq (ffi 4 ), 
a > 1, and taking values in a finite-dimensional vector space S on which the group 
SL(2, C) acts via a representation T. We regularize the asymptotic behavior of u at 
infinity by multiplying it with an invariant function of the form 

w(p/fi) = uj ((p ■ P)/^ 2 ), (13) 

where p ■ p is the Lorentz square of the vector p and uoq G Sq'(M), 1 < a' < a, 
suppc^o C (—1, 1), and u>o(t) = 1 for \t\ < 1/2. 

Because the mapping p — > p ■ p is analytic, the function u belongs to the Gevrey 
class C L with L = (n+ l) a (see Proposition 8.4.1 in This means that u satisfies 

the estimate 

sup \d k uj(p)\ < C B h^k a ' k (14) 

for every compact set B C K 4 . The constant fag grows with increasing B and because 
of this, the parameter a' must be taken different from a and as close to unity as 
possible (see below). Using (jUj) . we can easily verify that u is a multiplier for Sq (M 4 ). 
Evidently, 

u reg = f uu){jp/ n) — > it 
in the topology of ^"(M 4 , f ) as — > oo. 

Theorem 7. Let w G ^"(IR 4 ,^) 6e a Lorentz- covariant ultradistribution and uj be 
defined by (|13|). T/ien i/ie regularized functional u Teg (more precisely, the restriction 
Mregl^o ) /ias a continuous extension to the space S^_ a ,. In particular, if a > 2 and 
a' < a — 1, then the Fourier transform ofu rcg is strictly localizable (because S^7 a then 
contains functions of compact support) . 

Proof First of all we note that Sq is dense in Sq as well as in S°_ a ,. Therefore, 
the desired extension is unique. We first consider the simplest case where u is Lorentz 
invariant. We can set \x = 1 without loss of generality. As shown in the possibility 
of the extension depends on the asymptotic behavior of the smoothed functional, i.e., 
the convolution (u TCg * g)(q) = (u rcg ,g(q — •)), g G Sq . For simplicity, we assume that 
suppg is contained in the ball \p\ < 1, set q 2 = q 3 = and use the light-cone variables 
q ± = (q° ± q l )/\/2. We also set |g~| < q + , q + > 1 and let A denote the boost 
p + — > p + /q + , p~ q + p~ in the plane (p°,p l ). Because u and u are Lorentz invariant, 
we have 

(v zeg *g)(q) = (u,g q ), g q (p) = u(p)g(q- A _1 p)- ( 15 ) 

We now estimate the values of a functional u G S' a on test functions with support in 
the ball \p\ < B: 

\{u, g q )\ < \\u\\ a ,A,B\\9q\\a,A,B, (16) 

where 

ii ii \d k g(p)\ h7 x 

\\g\\a,A,B = SUp SUp (17) 
|p|<B k&i A\ k \k ak 

by the definition of the topology of Sq. The points of supp(7 g satisfy the inequalities 
\p ■ p\ < 1 and (p 2 ) 2 + (p 3 ) 2 < 1 by construction, and hence < 1. Furthermore, 

\q + — q + p + \ < 1 and, as a consequence, \p~\ < 1/(1 — l/q + ). Therefore, suppg g is 
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contained in the ball of radius 2 if q + is large enough. In estimating the derivatives 
we take into account that the norm || ■ \\ a ',a,i with a suitable a is finite for the function 
g and that the transformation A -1 contracts the graph of the function in the variable 
p + in q + times. Because the change to the light-cone variables, as well as any linear 
transformation of coordinates, is an automorphism of the Gelfand-Shilov spaces, we 
obtain 

\d k g(q - A" 1 ?) | < sup ^(A-^)! < \\g\\ a/ ,a,iWq + f l k a '\ (18) 



where a' differs from a by a number factor. (It is easy to verify that a' < 2 2a ' +1 a, but 
this refinement is unessential in what follows.) Inequalities ()14|) and (|18|1 combined 
with the Leibnitz formula give 

\d k 9g (p)\ <C\\g\\ a ,, aA (a'q + + hf\k a ' k , 

where h corresponds to the compact set \p\ < 2. Therefore, 

( a 'q+ _|_ 

K^reg * g)(q)\ < C\\u\\a tA)2 \\g\\ a >,a,l SUp A | fc | fc(a _ a , )fc < 



C'\\g\\ al ^ 1 exp{(a"\q\/A) 1/{a - a ' ) }. (19) 



In other quadrants of the plane q 2 = q 3 = 0, the asymptotic behavior of the convolution 
can be similarly estimated using |g + | or l/|a~| as a boost parameter. For q ranging 
a bounded set, the use of a boost is unnecessary and the convolution is obviously 
majorized by the constant C"||<7|| a / i0) i. Further, any vector 9GR 4 can be carried to a 
point q of this plane by a suitable space rotation R and (u Teg * g)(q) = (u reg * gR)(q), 
where gn(-) = g(R^ 1 (-)). The correspondence g — > gn is a continuous mapping from 
Sq'i to Sqi (where a < 3a as is easy to see). Hence, (19) is satisfied in the whole space 
M 4 , possibly with some new constants instead of C and a". Because A can be taken 
arbitrarily large, estimate ([T9|) implies that u veg increases no faster than exponentially 
of order l/(a — a') and type zero. By Proposition 1 in [2E!, it follows that u reg has an 
extension to the space S%_ a i, which can be determined by the formula 

(Ureg, 9)= J Keg, Xo(Q - 'MO) d?, Q E S^_ a , , (20) 

where Xo is an element of ^'(M 4 ) with support in the unit ball and such that Jxo(p) dp = 
1 . Inequality (J19)) implies that the integral in the right-hand side of (|2(J|) does exist (see 
|2*d] for more details). In the general case of a Lorentz-covariant generalized function 
ug, the only complication is due to the q dependence of the matrix elements Tw(hr l ) 
of the representation under which ug transforms, because the analogue of formula (fT5j) 
involves these matrix elements. However, this dependence is polinomially bounded and 
has no effect on the exponential estimates. Theorem 7 is thus proved. 

We also need the following result for the case of several variables (p±, . . . ,p n ) G M. 4n . 

Theorem 8. Let u be a Lorentz-covariant ultradistribution taking values in S and 
defined on Sq (R 4n ). 7/supp-u C V + x • • • x V + = V™ and the regularizing multiplier 
has the form uj{p) = uj (P ■ P), where P = Yl^iPi an d £ Sq (R) ; 1 < a' < a, then 
the conclusion of Theorem 7 holds for u rcg = uuj{p/ '//) 
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Proof. We again consider the convolution (M reg * g)(q), g G Sq , assuming now 
that suppg is contained in the set {p G M 4n : \p\ < 1/n}. Letting Q = ^2qi, setting 
Q 2 = Q 3 = and assuming that \Q~\ < Q + , Q + > 1, we use the transformation 
A : p+ — > T>t IQ + 1 P7 ~~ > Q + Pi > * = 1) ■ ■ • ) n - F° r the points at which the function 
g q = oj{p)g(q — A^p) differs from zero, the inequalities |P • P\ < 1, (P 2 ) 2 + (P 3 ) 2 < 1, 
and \Q + — Q + P + \ < 1 hold. Therefore, the previous reasoning shows that suppg g is 
contained in the set |P| < 2 if Q + is large enough. We fix a neighborhood U of suppw 
by taking the union of a neighborhood of the origin with the product U n , where U is 
an open properly convex cone in R 4 containing V + \ {0}. For the points of U n , the 
inequality \p\ < 9\P\ holds with some constant 9 > because otherwise we could find 
a sequence of points p^ G U n such that \pt v )\ = 1 and \P( V )\ < Then we could 
choose a convergent subsequence whose limit p is a nonzero vector in U n such that 
|P| = 0, contradicting the assumption that the cone U is properly convex. Therefore, 
the set supp g q PI U lies in the ball of radius 29. Let x be a multiplier for Sq equal 
to unity in a neighborhood of suppw and zero outside U. Then (u, g q ) = (u, X9q)- ^ 
remains to estimate the norm ||xfl , g||cvi,20- This reduces to a minor modification of the 
arguments used in the derivation of inequality ([19)1 and yields the same result, which 
completes the proof. 



6. The role of Jost points in nonlocal field theory 

In local field theory [2]~i3], the real points of the extended domain of analyticity of the 
Wightman functions W(xi, . . . referred to as Jost points. The Bargman-Hall- 

Wightman theorem shows that this extension is obtainable by applying various complex 
Lorentz transformations to the primitive domain of analyticity determined by the spec- 
tral condition. In terms of the difference variables = Xk — Xk+i, k — 1, . . . , n — 1, on 
which the Wightman functions actually depend because of the translation invariance, 
the set of Jost points is written as 

Jn-i = {eGM 4(n - 1} : (j2 X ^k) 2 <0 VA fc >0, ^A fc ^oj. (21) 

We let J7n denote the inverse image of this open cone in M 4n . If the vacuum expectation 
values grow faster than exponentially of order one in momentum space, then the domain 
of analyticity in coordinate space is empty because such growth is incompatible with 
the Laplace transformation. However, Liicke observed [7] that the Jost points still play 
an important part in this essentially nonlocal case. In this section, we prove that for 
arbitrary high-energy behavior, the complement of the Jost cone is a carrier for some 
combinations of vacuum expectation values arising when deriving the spin-statistics 
relation and PCT symmetry. 

We first pass to the difference variables, which requires a slightly more involved 
argument than in the standard theory [2]~(1] of tempered fields. 

Lemma 4. For every translation-invariant functional W G S^IR 4 ™), there exists a 
functional W G S^QR 4 ^ -1 )) such that 

(W, /) = {W, j f t {0 d^ , where / t (f) = /(&+• • ■ . . . (22) 

The condition W G S'^iU), where U is an open cone in M 4 ( n-1 ) ; amounts to the 
condition W G S'^iU), where U = {x G M 4n : (xi — X2, ■ ■ ■ ,x n -i ~ x n) G U}. 
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Proof. The linear transformation 

t '. [Xl, • • • j X n ) * (£l = ^1 -^2; • • • j £,n— 1 = X n —\ X n , £n = ^n); (^3) 

that takes each test function /(£) to /t(£) = fit" 1 ^), is an automorphism of S^R 4 ™), 
and the integration over £ n maps this space continuously onto S^R 4 ^ -1 )). Hence, 
assigning a functional W to each W G 5 , ^,°(lR 4( - n ~ 1 - ) ) by formula (|22|) . we obtain an 
injective mapping 5^ (R 4 ^" _1 ^) — >■ S^°(R 4n ), which is evidently continuous under the 
weak topologies of the dual spaces. Lemma 4 asserts that every translation-invariant 
functional W belongs to the range of this mapping. In fact, its regularization through 
the convolution by a 5-function-like sequence of test functions yields a sequence W„ for 
which representation (|22jl is obviously valid with smooth functions W v . The sequence 
W v is weakly fundamental, and because S'J* is a Montel space, 4 it converges to a 
functional W whose image is W. 

The second conclusion of Lemma 4 is also evident because transformation (}2"3"|) 
converts the subspace of functionals invariant with respect to simultaneous translation 
in all variables into the subspace of functionals invariant with respect to translation 
in the last variable and because the indicator function in the definition of S'®{U) can 
be taken in the multiplicative form, i.e., as the product of a function depending on 
and a function of the remaining variables £/. (see Sec. 3 in |12j). which completes the 
proof. 

Let K be a carrier cone of W . It follows from Lemma 4 that its inverse image JC in 
R 4n is a carrier of W. In fact, if an open cone U contains the cone K \ {0} and shrinks 
to it, then U is contained in any given conic neighborhood of /C. 

Theorem 9. Let <p be a field defined on the space S^IR 4 ), a > 2, and transforming 
according to an irreducible representation of the group SX(2,C). Let W(xi,X2) de- 
note the generalized Wightman function determined by the vacuum expectation value 
(^0; 4>{xi)4>*(x2)^o) ■ If 4> has an integer spin, then, as a consequence of the Poincare 
covariance and the spectral condition, the difference 

W(x l ,x 2 )-W(x2,x 1 ) (24) 

is carried by the cone V = UJ2 ■ In the case of half-integer spin, this cone is a carrier 
of the sum 

W(x l ,x 2 ) + W(x 2 ,x 1 ). (25) 

Proof. Lemma 4 reduces the problem to the derivation of the corresponding proper- 
ties for the functional W G S^°(1R 4 ). We apply the ultraviolet regularization described 
above and use the notation W^{p) = W{p) uj(p/ ft), where uj is chosen as in Sec. 5. 
Because of the spectral condition, supp lies in the cone V + and by Theorem 7, 
the functional is defined on the space S%'_ Q ,, where a — a' > 1, i.e., the growth 
of Wu at infinity is no worse than exponential of an order less than one. Therefore, 
Wn has an (inverse) Laplace transform W^(C) holomorphic in the usual tubular do- 
main T + = M 4 — z"V + , whose boundary value is Wn G S'^,~ a (see, e.g., Theorem 4 
in [2B], where details of the extension of the Paley- Wiener-Schwartz theorem to the 
generalized functions of this class were set forth). Because the regularization preserves 

4 Instead of "Montel space," which is currently conventional, the term "perfect space" was used in 
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the Lorentz covariance, we can apply the Bargman-Hall-Wightman theorem [2] jl] to 
Wu(C)j which shows that this function allows an analytic continuation to the extended 
domain T^ xt and the continued function is covariant under the complex Lorentz group 
L + (C). For the field combination (jxp* in question, the transformation properties of the 
analytic Wightman function under the space-time reflection PT G L + (C) are 

W^C) = iW^-C), (26) 

where (from here on) the upper and lower signs correspond to the respective fields with 
integer and half-integer spins. This transformation law is the basic point, just as in the 
classical proof of the spin-statistics theorem j2] _ 0j- Since T?^ contains all spacelike 

points, relation implies that the generalized function = f W^(£) =F £) 
has support in the closed light cone V and therefore allows a continuous extension 
to the space S®,(V). In fact, this extension can be defined by the formula (Fu, f) = 
(F^,xf), where x is a multiplier for S^r a , which is identically equal to unity in an 
e-neighborhood of V and vanishes outside the 2e-neighborhood. Such a multiplier 
satisfies the estimate 

\d q x{x)\ < Ch M q( a ~ a ' )q , (27) 
while the derivatives of any function / G S®, (V) satisfies the inequalities 

\d q f(x)\ < CcWfWa^expi-lx/al 1 /*'} 

on its support, as is easy to verify using the Taylor formula. Hence, the multiplication 
by x continuously maps S®,(W) into S°r a . It is important that the extensions F^ are 
compatible with each other if /i and // are large enough compared to b, namely, 

^l^ fe a(V) = ^|S°; fe a (V). (28) 

To prove this claim, we note that (W^, f) = (W, f) for / G S^J 4 at arbitrary a'. In 
fact, for such a function, we have 

\f(z)\ < Cexp{-\x/af/ a ' + (///4) ^ | % |} 

and this estimate implies (again by the Paley- Wiener-Schwartz theorem, this time in 
its simplest version dealing with functions in T>; see, e.g., Theorem 7.3.1 in [23J) that 
supp / is contained in the ball \p\ < /i/2, where u(p/p) = 1 by the construction in 
Sec. 5. The detailed formulation of Theorem 1 given in ^2] shows that there is a 
constant c such that for b' > cb and a' > ca, the space a , is dense in S^ b a (V) in the 

topology of £fy b a ,(y). Hence, equality (28) is satisfied for //,// > Acb. Therefore, the 
nonregularized functional =F W(— ^) also has a continuous extension to S®,(Y). 

Applying Theorem 5 and Lemma 4, we complete the proof. 

Theorem 9 is a special case of the following more general statement. 

Theorem 10. Let {<p L } be a family of fields that are defined on the test function 
space S^R 4 ), a > 2, and transform according to irreducible representations (j t ,k L ) of 
the group SL(2,C). Let W Ll ... Ln be the Wightman function determined by the n-point 
vacuum expectation value <fi Ll (xi) . . . 4> Ln (x n )^o) . The cone Zj n complementary to 
the Lost cone is a carrier of the generalized function 

W tl ... t „(x x , . . . ,x n ) - (-l) 2J W tl ... t „(-x 1; . . . , -x n ), (29) 

where J = j Ll H h j tn ■ 
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The proof is completely analogous to that given above, with the only difference 
that we now use a cutoff function of the form u(P/fj), where P — p\ + ■ ■ ■ +p n _i and 
p k are conjugate with £ k = x k — x k +i, then appeal to Theorem 8 instead of Theorem 7, 
and apply the familiar transformation law of the n-point analytic Wightman function 
of irreducible fields with respect to the space-time reflection. 

7. Generalization of the spin-statistics theorem 

We begin by deriving an analogue of the Dell' Antonio lemma, which shows that each 
pair of nonzero local fields 0, ip has the same type of commutation relations as the pair 

0, r- 

Theorem 11. Let the fields <fi, ip, and their Hermitian adjoints be defined on the test 
function space S*°(]R 4 ), a > 1. If <p has different asymptotic commutation relations 
with ip and ip* , then either (p(x)^o — 0, or ip(x)^/o — 0. 

Proof. For definiteness, we assume that commutes asymptotically with if) and 
anticommutes asymptotically with ijj* for large spacelike separations of the arguments. 
We consider the following sum of vacuum expectation values: 

(#o, <f (xO^^yiM^o) + (*o, 4>*(x 1 )i/;*(y 1 )i/;(y 2 )(t>(x 2 )%) = 

= (* , PW[<l>(x2),r(Vi)]+1>(V2)*o) + <*o, </>*(xiW(Vi)[1>(y2),fa2)]-*o). (30) 

By Lemma 3, this functional is carried by the union of the cones {(x, y) : {x 2 — yi) 2 > 0} 
and {(x, y) : (x 2 — y 2 ) 2 > 0}. We average it with a test function of the form 

f(xx)f(x 2 )g(y 1 - Xr)g(y 2 - Ar), 

where r is a fixed spacelike vector and A > 0. The result of averaging is a convolution 
considered on the ray X\ = x 2 = 0, y\ = y 2 = Ar, and by Lemma 1, it decreases as 
A — > oo because this ray does not belong to the carrier cone. On the other hand, just 
as in the original reasoning of Dell'Antonio, it can be written in the form 

(¥„, V(/)r(Ar)V(^)VU)*o> + ||^(^)T- 1 (Ar)0(/)M/ o || 2 , 

where T(Ar) implements space-time translations. As A — > oo, the first term of the sum 
tends to 

ii0(/)^oirn^(^)^oii 2 

by the cluster decomposition property, which can be derived from the Wightman ax- 
ioms without using locality (see [2], Therefore, if ip(g)^/ ^ for at least one test 
function g, then </>(/) \& = for all / G S^IR 4 ), which completes the proof. 

Theorem 12. Let <fi be a field that is defined on the space S^IR 4 ) with the index 
a > 2 and transforms according to an irreducible representation of the group L(2,C). 
The anomalous asymptotic commutation relation between <p and its adjoint </>* {that is, 
anticommutativity in the case of integer spin and commutativity in the case of half- 
integer spin) implies that <f){f)^o = 0*(/)* o = for all f G 5°(R 4 ). 
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Proof. Suppose <\> is an integer spin field. The anomalous commutation relation 
would imply, in particular, that the sum 

(#o, (j>*(x 1 )(j ) (x 2 )^ ) + (#„, cj ) (x 2 )cP*(x 1 )^o) (31) 

is carried by the cone V. Then Theorem 9 shows that this cone is also a carrier of the 
sum 

(*o, (p*(x 1 ) ( j ) (x 2 )^ ) + (p(x 1 ) ( p*(x 2 )^ ). (32) 

In momentum space, both of the vacuum expectation values in (|32|) have support in 
the properly convex cone {p G M 8 : p 1 + p 2 = 0, p 1 G Therefore, generalized 

function (|3*2*|) is equal to zero by Theorem 6. Averaging it with f(xi)f(x 2 ), we get 

||0(/)vI/ o f + ||^(/)M/ o || 2 = O. 

In the case of half-integer spin, the reasoning is the same with a proper change of the 
signs in the formulas. Theorem 12 is proved. 

Corollary. In any field theory satisfying the asymptotic commutativity condition with 
test functions in S^R 4 ), a > 2, the equality 

(tfo, 0*(xi)0(x 2 )^ o > = (*o, <K*i)<f (z 2 )*o). (33) 

holds. 

Proof. The difference of these vacuum expectation values can be written as 

(*o, [(f>*{x 1 ) ( f>{x 2 )) T ^ ) ± (*„, tMPMVo) - (* , 0(si)0*(s 2 )*o>. (34) 

By Theorem 9, expression (|34j) is carried by the cone V for both integer and half- integer 
spin cases, and Theorem 6 shows that this property is compatible with the spectral 
condition only if ()33|) is satisfied. 

Theorem 13. If in a field theory satisfying the asymptotic commutativity condition 
with test functions in 5*°(R 4 ), a > 2, we have <p(f)^ = for all test functions, then 
the field <ft vanishes. 

Proof. It follows from the assumptions of the theorem that all vacuum expectation 
values involving at least one operator <p vanish. For instance, if <ft stands in the next 
to the last position, then the vacuum expectation value 

coincides with the generalized function 

carried by the cone R 4 ^- 1 ) x V, while the support of its Fourier transform lies in 
the properly convex cone determined by the spectral condition. Hence, it vanishes by 
Theorem 6. Next, we use the induction argument. Taking cyclicity of the vacuum into 
account, we obtain = for all $ G H, * G D Q , and / G 5°(M 4 ). The 

operator <f>(f) is closable because its adjoint is densely defined. Hence <f>(f) = 0, which 
completes the proof. 

The reasoning above remains valid if <fi is replaced with any monomial M in the 
field components. Therefore, M^ = implies M = 0, which equally follows from 
Theorem 13 and the cluster decomposition property. 

We also need the following simple assertion whose proof is similar to the proof of 
Theorem 11. 
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Theorem 14. Let be a family of fields defined on the space S®(M. 4 ), a > 1. 
If two monomials M = (f> Ll (xi) . . . (f> Lm (x m ) and N = 4>j Ayi) ■ ■ ■ (fi L ' n (y n ) anticommute 
asymptotically for large spacelike separations of the set of points (xi, . . . ,x m ) from the 
set of points (yi, . . .,y n ), then either ($ Q , M^ ) = or ($ , N^ ) = 0. 

Proof. In this case, we have the generalized function 

(tto, M(x u . . . , x m )N{y u y n )^o) + (*o, N( Vl , y n )M{x u . . . , x m )^ ) 

carried by the cone 

|J {(x,y)eR 4 ^: (x k - yi ) 2 >0}. 

k — 1 , . . . ,m 

l=l,„,,n 

Averaging it with a test function of the form f(xi, . . . , x m )g(yi — Xr, . . . ,y n — \r), as 
before, we obtain a smooth function of the parameter A, which decreases rapidly as 
A — > oo by Lemma 1. On the other hand, this function can be written as 

(¥„, M{f)T(\r)N{g)* ) + (* , N(g)T-\\r)M(f)* ), 

where both terms in sum tend to (ty , M(f)^ )(^f Q , N(g)^ ) by the cluster property. 
Therefore, this product of vacuum expectation values is equal to zero for all / £ 
^(R 4 ™) and g £ S°(M 4n ). Theorem 14 is thus proved. 

We can now derive an analogue of the Araki theorem on the reduction of commu- 
tation relations to the normal form. We follow the usual stipulation [2] that the family 
under consideration does not include fields that vanish identically and that for every 
non-Hermitian field <p t , its adjoint 0* enters in this family with some index I ^ i. 

Theorem 15. In any theory of Wightman fields {(j) L }, i = 1, satisfying the 
asymptotic commutativity condition with test functions in S^R 4 ), a > 2, there exists a 
Klein transformation <p L =^> <j>' u which reduces the commutation relations to the normal 
form, that is, the fields <p[ of integer spin commute asymptotically with any field in 
the new family for large spacelike separations of the arguments, and the transformed 
fields of half-integer spin anticommute asymptotically with each other. Furthermore, 
the fields <p[ satisfy all the other Wightman axioms, and the Hermitian conjugation 
condition <f>'* = 0' r holds. 

Proof. Theorems 11-14 reduce the proof of this statement to an almost literal 
repetition of the classical derivation [2j _ [2! of the Araki theorem. 
Let F L denote the spinorial number of <f> b , 

p _ I ' if 3t + h is integer, 

) 1, if j L + k L is half-integer. 

The asymptotic commutativity condition states that for each pair of fields t , </v be- 
longing to the family under consideration, the matrix elements of the combination 

M*)Mv) - (-i) FtF ' +u >'Mv)Mx), (35) 

are carried by the cone V. Here, uj ll > =0 if the commutation relation is normal and 
uu Ll ' — 1 otherwise. The matrix u is symmetric and possesses the properties 

u lb > = u} Zi i = u tl t, u LL = (36) 



17 



by Theorems 11 and 12. It determines the sign in the commutation relation for any two 
monomials in fields. This sign depends only on how many fields of each type occur in 
the monomials, more precisely, on the parity of these numbers. This characteristic of 
a monomial M can be written as a row m = (m 1 , . . . , m 7 ), where m 1 = if M contains 
an even number of t and m 1 = 1 if this number is odd. The set 971 of such rows whose 
components are or 1 has the structure of a vector space over the field Z 2 and the 
mapping M — > m is consistent with this structure in the sense that 

m(MiM 2 ) = m(Mi) + m(M 2 ). (37) 

The system of spinor numbers generates the linear form F(m) = Fjti 1 and the 
matrix uj generates the bilinear form (mi,m 2 ) = ^u; i( /mitn 2 on 971. In this notation, 
the sign factor in the commutation relation for monomials Mi and M 2 becomes 

/_ jNF(mi)F(tn2)+(mi,TO2) 

and properties (36) can be written as 

(c t ,m) = (e r ,m), (m,m) = 0, (38) 

where c t = m(0 t ). The second formula from (J3*%j) implies that the form (*, •) induces a 
symplectic structure on 971. In particular, it implies the identity (mi, m 2 ) + (m 2 , mi) = 0, 
which is equivalent to (ttli,m 2 ) = (m 2 ,rrii) in the case of the field Z 2 . We let 21 
denote the set of those vectors in 971 that correspond to the monomials whose vacuum 
expectation values are not identically zero. From (|37j) and the cluster property, it 
follows that 21 is a linear subspace of 97T. The restriction of the form (•, •) to 21 is zero 
because such monomials contain an even number of half-integer spin fields and the 
relation (mi,m 2 ) = 1 would mean that Mi and M 2 anticommute for large spacelike 
separation of the arguments, which contradicts Theorem 14. Every basis (di, . . . , a q ) 
in 21 can be completed to a symplectic basis (01, . . . , a r ; bi, . . . , b r ; Ci, . . . , c s ), r > q, 
2r + s = I, in the whole 971. In this basis, 

(a J ,b j ) = l, j = l,...,r, 

while all other pairings vanish. In particular, 

(a,-, m) = for all j = 1, . . . , r, m G 21. (39) 

To each a.j, we can assign an operator 9j acting in the Hilbert space 7i. Namely, we 
set 

9^o = *o, 0j-M(/)* o = (-l) (a - m) M(/)^ . 

These operators are well defined. In fact, if Mi(/ 1 )^ f = M 2 (/ 2 ) 1 I'o 7^ 0, then 
(tf , MlM 2 ^o) ^ 0, i.e., m(M 1 *M 2 ) G 21 and relations (|57 ) -P ty imply (a 3 -,mi) + 
(aj,m 2 ) = 0, which amounts to (oj,mi) = (Oj,m 2 ). Further, the definition is consistent 
with the linear operations in Ti because the relation M(/)\&o = Mi(fi)^o + M 2 (f 2)^0, 
where all vectors are assumed nonzero, implies (<Xj,m) = (oj,mi) = (o 7 -,tn 2 ). For 
example, if (a^, mi) differs from the other two scalar products, then again using (|3~7|)- 
()39p. we obtain a contradiction because at least one of the vacuum expectation values 
(#0, M*M* ) and (\& , M{M 2 * ) does not vanish. Hence, the 9/s can be extended to 
D by linearity. Relations im P l Y that ( e j®i d i^) = *) for a11 * e D o- 
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Therefore, every operator 6j can be uniquely extended to a unitary involution defined 
on the whole of H. We set 

r 

Ut = Y[e^\ t = i,...,j. (40) 

The operators C/ t commute with each other, and their commutation relations with the 
fields are 

r 

U L (j) L > = U L , where o LL , = ^(e t , bj)(tXj, t L ,). (41) 

The Klein transformation is defined by the formula 

<k=^ = ^t/ t <k. (42) 

Using (}4*T]) and the equality uj ll i = a Li i + ov t , which holds by the definition of the 
symplectic basis, we deduce that for any <E>, \l> e D , 

[#(*)&(!/) " (-l)^'&(y) = 

where $' = (— 1)°"''' ■(— %) (7 '-'- Jra <■'<■' U L U L i $ G -Do- Therefore, the transformed fields satisfy 
the normal asymptotic commutation relations. It follows from ()38|) and (}4*Tj) that the 
factor i aLL in formula (|4*2^) ensures the equality <p'* = <p' t . Verifying the other Wightman 
axioms for the fields <j)[ is simple, which completes the proof. 

8. Generalization of the PCT theorem 

Theorem 16. In the field theory satisfying the asymptotic commutativity condition 
with test functions in S^(IR 4 ) ; a > 2, and with the normal spin-statistics relation, there 
exists an antiunitary PCT -symmetry operator 0. This operator leaves the vacuum 
state invariant, and if(j) L transforms according to the (j L , k L ) representation of SL(2, C), 
then its transformation law under is 

©^(x)©- 1 = (-l) 2 ^0:(-x), (43) 

where F L is the spinorial number of the field. 

Proof. It is well known that in terms of the Wightman functions, a necessary and 
sufficient condition for the operator to exist is 

W w ..,„(x 1; ...,x n ) = (-1) 2J i F W t „... tl (-x n , - Xl ), (44) 

where J — j Ll + h j Ln and F — F Ll + ■ ■ ■ + F Ln is the number of half-integer spin 

fields in the set <f) Ll , . . . , <p Ln . We now write the difference of the right- and left-hand 
sides of (44) in the form 

[W tl ... tn (xi,... J x n ) - (-l) 2J W tl ..,„ (-£!,..., -a; n )] + 

+ (-l) 2J [W tl .. Jn (-x lj ...,-x n )-i F W tn ... tl (-x n ,...,-xi)]. (45) 
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The asymptotic commutativity condition implies that the expression in the first square 
brackets is carried by the cone {J k<t {x £ R 4n : {xf. — x{) 2 > 0}, which is contained in 
the complement of the Jost cone because the Jost points are totally spacelike. By 
Theorem 10, the cone CjT™ is a carrier of the functional in the second square brackets 
as well. In momentum space, both the generalized functions involved in (44) have 
support in the properly convex cone 

n I 

{peR 4n : 5> fe = 0, ^p fc €V + , Z = l,...,n-1}. 

fc=l fc=i 

Therefore, equality holds identically by Theorem 6. We can now construct the 
operator in the standard way. First, we define it on those vectors that are obtained 
by applying monomials in fields to the vacuum: 

9*0 = * , 00 W (A) ■ ■ ■ &«(/»)*0 = (-I)" • • • C(/«)*0, 

where f(x) = f(—x). It is easy to verify that G is well defined. In fact, taking into 
account that <fi* transforms according to the conjugate representation (k L ,j b ), we see 
that (jH)) implies the relation (6$, 0^) = (<&, ^) for vectors of this special form. 
Therefore, if a vector \l/ is generated by different monomials Mi(/i) and M 2 (f 2 ), then 
the scalar product (0Mi$ o , QM 2 ^ ) is equal to the squared length of either of the two 
vectors QMi^ and 9M 2 $o, i-e., these vectors coincide. Analogously, if \& = + \I>2, 
where all vectors are obtained by applying monomials to then 0\I/ = O^i + O^- 
Therefore, can be extended to D by antilinearity. A further extension by continuity 
yields an antiunitary operator defined on the whole of 7i. 

A stronger formulation of Theorem 16 uses an analogue of the Jost-Dyson weak 
local commutativity condition. 

Definition 2. We say that the fields {0 t } defined on 5*°(R 4 ) satisfy the weak asymp- 
totic commutativity condition if for each system of indices ti, . . . , i n , the functional 

(tf , <Mzi)---0 t „(zn)tfo> -i F (Vo, 0tnW...^i(a?i)*o> (46) 
is carried by the cone Zj n complementary to the Jost cone. 

The above consideration shows that this condition is equivalent to relation (J44j) . 
i.e., the following statement is valid. 

Theorem 17. A field theory satisfying all Wightman axioms with test functions in 
S^IR 4 ), a > 2, but with the possible exception of local or asymptotic commutativity, 
has PCT symmetry if and only if the weak asymptotic commutativity condition is 
satisfied. 

Moreover, by Theorem 6, the field theory has PCT symmetry even if difference f!46|) 
is carried by the complement of a cone generated by an arbitrarily small real neighbor- 
hood of a Jost point. Our consideration also shows that an analogue of the theorem 
on global nature of local commutativity is valid for the weak local commutativity. The 
most refined version of this theorem is due to Borchers and Pohlmeyer [2Zj, who con- 
sidered the theory of a scalar tempered field and established that a bound of the form 

|<*o, [<p(x 1 ),<P(x 2 )]<P(x 3 )...<P(x n )^o)\ <C n exp{- 1 \(x 1 -x 2 )Y 2 } (p > 1) (47) 
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on the behavior of the commutators at those points (xi, 22, £3, • • • , x n ) that belong to 
the cone J n together with (x 2 , x±, x 3 , . . . , x n ) results in the strict local commutativity. 
Analogously, if all fields 4> L are defined on Schwartz's space S and functional (46) 
decreases in the cone J n by an exponential law of type (|47|). then it actually vanishes 
everywhere in this cone. In fact, using a partition of unity and taking the remark in 
Sec. 3 into account, we see that the restriction of functional to each space if>°(R 4n ) 
is carried by the cone Cj7" n in this case. Therefore, the theory has PCT as a symmetry 
and must satisfy the weak local commutativity condition by the usual PCT theorem 

01 

9. Concluding remarks 

The main result of this work is a rigorous proof that PCT symmetry and the standard 
spin-statistics relation are preserved under replacing the micro causality axiom with the 
condition of a fast decrease of the (anti) commutators at large spacelike separations of 
the arguments, correctly formulated in terms of the theory of analytic functionals. The 
absence of any experimental indications of violation of these fundamental properties 
of quantum physics is customary believed to be evidence for the locality of interaction. 
On the contrary, we see that these properties have deeper roots in the mathematical 
structure of quantum field theory and are essentially asymptotic in character. The 
established generalization of the spin-statistics and PCT theorems is of greatest possi- 
ble accuracy because, as already noted by Pauli |2E], allowing an exponential decrease 
of the field (anti) commutators with order 1 and a finite type implies the possibility 
of quantizing the scalar field with an abnormal relation [(f)(x), (fi(y)]+ = A^(x — y), 
where is the even solution to the Klein-Gordon equation, which behaves like 
exp(— m|x — y|) at spatial infinity. 

In relation to the above remark about the theorem on the global nature of local 
commutativity, it should be emphasized that the asymptotic commutativity condition, 
being applied to the tempered fields (i.e., to their restrictions to S^M 4 )), does not 
amount to naive bound (J4TJ) and does not imply local commutativity. Strictly speaking, 
this condition means a fast decrease not of the field commutator itself but of the result 
of smoothing it by convolution with appropriate test functions (see pQ for more details), 
which seems reasonable from the physical standpoint. 

The theorems on carrier cones of analytic functionals presented in Sec. 2 were 
established in [TQJ — [121 f° r applications to the covariant quantization of gauge models in 
which singularities are of infrared origin and for which the spaces S@ with indices (3 < 1 
are natural functional domains of definition of fields in the momentum representation 
when the models are treated in a generic covariant gauge (see [29). In particular, 
this formalism gives a simple, general method of constructing Wick-ordered entire 
functions of the indefinite metric free fields in the Hilbert-Fock-Krein spaces j3U]- In 
the present paper, the efficiency of the developed technique has been demonstrated by 
an example of solving classical problems in nonlocal quantum field theory. Actually, 
this formalism accomplishes the extension of the Wightman axiomatic approach to 
nonlocal quantum fields with arbitrary high-energy behavior. 
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